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COMMUTING MATRICES AND THE HILBERT SCHEME OF 
POINTS ON AFFINE SPACES 
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» , , Abstract. We give a linear algebraic description of the Hilbert scheme of 

Qji points on the affine space of dimension n which naturally extends Nakajima's 

representation of the Hilbert scheme of points on the plane. We also intro- 
duce extended monads and perfect extended monads in order to generalize the 
C " 3 , monadic description of ideal sheaves of O-dimensional subschemes of projec- 

tive spaces. As an application of our ideas, we use results from the literature 
on commuting matrices to show the Hilbert scheme of c points on (C 3 ) is 
irreducible for c < 10 and reducible for c > 30. 



Contents 



1. Introduction 

2. Commuting matrices and stable ADHM data 

3. Parametrization of the Hilbert scheme of c Points in 
^. i 4. Extended monads and perfect extended monads 

00 ■ 4.1. ^—extended monads 

CN \ 4.2. Perfect extended monads 

5. Ideal sheaves of zero-dimensional subschemes of F n 

6. The P 3 case 



7. Representability of the Hilbert functor of points 

8. The Hilbert-Chow map 



9. Irreducible components of the Hilbert scheme of points 
References 



1 
2 
6 

£> 
9 

13 
15 
1G 
22 
24 
24 
25 



1. Introduction 

The Hilbert scheme Hilb' c TC™) of c points in the affine space of dimension n 
parametrizes O-dimensional subschemes of C d of length c. The case of n = 2 is 
much studied, though less is known about the higher dimensional cases. 

The linear algebraic description of the n — 2 case given by Nakajima in p~3j 
Chapter 1] is particularly relevant to us. One of the goals of this paper is to give 
a linear algebraic description of the Hilbert scheme Hilb^(C n ) of c points on C n , 
which naturally extends Nakajima's representation of the punctual Hilbert scheme 
HihV c '(C 2 ) of c points on C 2 given in [T31 Chapter 1]. This goal is attained in 
Sections [2] and [3] 

More precisely, let V and W be complex vector spaces of dimension c and 1, 
respectively. Let B\ , . . . , B n be operators on V commuting with each other and 
consider a map J : W — > V . Such data can be regarded as a point in the affine 

l 
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variety C{n, c) x Hom(VF, V), where C(n, c) denotes the variety of n commuting cxc 
matrices. Our first result is to show that there is a set-theoretical bijection between 
Hilb^ (C n ) and the GIT quotient of C(n, c) x Hom(W, V) modulo the natural action 
oiGL(V). 

Another key ingredient in Nakajima's description is the relation between 
HihV c '(C 2 ) and linear monads on the projective space P 2 . In Section 2] we in- 
troduce extended monads, and show in Section [5] that for every ideal sheaf Xz of 
a O-dimensional subscheme Z C P" there is a complex, called a perfect extended 
monad, of the form 

P' : Op» (1 - n)® ai — -^ O p „ (2 - n )®° 2 -" — >■ 



fi- a Pp»(-l)© -i^*- O® ao -3. P „(l) eai 

which is exact everywhere except at 0, and TL°(P') = Xz (grading of the complex 
is given by the twisting). This monadic description is connected back to the linear 
algebraic description in Section [5J where we provide a 1-1 correspondence between 
perfect extended monads and commuting matrices. 

The monadic description is also important to show that the set-theoretical bi- 
jection Hilb [c] (C n ) and the GIT quotient C{n,c) x Hom(W, V)//GL(V) is actually 
a scheme theoretic isomorphism, as established in Section [7J In Section [5J we pro- 
vide a desciption of the Hilbert-Chow morphism from HihV c ' (C") to the symmetric 
product of c copies of C™ in terms of our linear data. 

As an application of our ideas, we show in Section [S] that Hilb' c '(C") and C(n, c) 
have the same number of irreducible components. We then use known results 
in the literature of commuting matrices to deduce new interesting facts on the 
irreducibility of Hilb' c '(C 3 ): previously, it was known that Hilb' c '(C 3 ) is irreducible 
if c < 8 and reducible for c > 78 (TU] (see also [TJ Section 7]; we improve these 
bounds by showing that Hilb^ (C 3 ) is irreducible if c < 10 and reducible for c > 30. 

Acknowledgments. PBS research was supported by CNPq and the FAPESP PhD 
grant number 2009/16646-1. AAH is supported by the FAPESP post-doctoral 
grant number 2009/12576-9. MJ is partially supported by the CNPq grant number 
302477/2010-1 and the FAPESP grant number 2011/01071-3. 

2. Commuting matrices and stable ADHM data 

In this section we shall introduce the necessary material to our construction: let 
V be a complex vector space of dimension c and let Bo, B\, . . . , B n _i G End(V) be 
n linear operators on V. 

Definition 2.1. The variety C(n,c) of n commuting linear operators on V is the 
subvariety o/End(^)® n whose points are the set of n-tuples (Bq, B\, . . . , S n _i) that 
commutes two by two, that is, 

C(n,c) = { (B 0j -Br,-.-, B„_i) e End(F)®" | [£,,£,-] = 0, Vi^j} 

The commutation relations can be thought of as a system of Q) c 2 homogeneous 
equations of degree 2 in nc 2 variables. 

Let W be a 1-dimensional complex vector space; one can form the space 

1 := End(y) e ™ © Rom(W, V) 
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whose points are represented by the (n + l)-tuplc X = (Bo, -Bi, . . . , B n _i, /) that 
will be called an ADHM datum. We then define the variety of ADHM data V(n, c) 
as the subvariety of B given by 

V(n lC ) :=C(n,c) x Hom(W,V). 

Definition 2.2. An ADHM datum X = (B , B x , . . . , B n - U I) E B is said to be 
stable if there is no proper subspace S C V such that 

B (S),Bi(S),-,B„-i(S),I(lf)cS. 

The set of stable points in B will be denoted by 1 st ; V(n,c) st := M st n V(n,c) 
will denote the set of stable points in V(n, c). 

Definition 2.3. The stabilizing subspace Ex of an ADHM datum X £ B is the 
intersection of all subspaces S CV such that Bq(S), Bi(S), ■ ■ ■ , B n -i(S), I(W) C 
S. 

ft is easy to see that X is stable if and only if Ex = V. The restricted 
ADHM datum X\^ x = (B | Ex> Bi| Sjt , ■ • ■ ,B„_ 1 | Ex ,/| Sx ) is stable in B| Ex = 
End(Ex)®" © Hom(W,Y, x )- The space T, x C V is the smallest subspace which 
makes the datum ^|s x stable, hence the name. 

For each ADHM datum X = (Bq, . . . , B n -\, I) £ B, we consider the linear map 
Hn(X) : W® c " — > V defined by 

ft„(X) : W® c " — > V 

c-l c-1 

One might think of lZ n as a regular morphism B — > Hom(W® c , V), hence 
continuous in the Zariski topology. 

Proposition 2.4. For every X 6 B one ftas 
(f) fm 7e„(A) C E x ; 
(2) if lZ n {X) is surjective, then X is stable. 

Proof. For any S C V satisfying B (S), B^S), . . . , B.^S), I(W) C S we have 
fm lZ n (X) C 5 which in particular implies our first assertion. 

Moreover, if 1Z n (X) is surjective then we have c = rk7?.„(X) < dim Ex < c. 
Therefore dim Ex = c and X is stable. D 

ff the ADHM datum X is in V(n,c), then we obtain the following stronger 
characterization. 

Proposition 2.5. For every datum X = (Bq, . . . ,B n -i,I) e V(n,c) one has: 

(f) fm7e„(A) = Ex. 

(2) lZ n (X) is surjective if and only if X is stable. 



Proof. Note first that the second claim follows easily from Proposition 12.41 and the 
first claim. 

To prove the first claim, we only need to prove the inverse inclusion Ex Q 
fm H n {X) for those ADHM data which belong to V(n,c) since the inclusion 
fm Tl n {X) C Ex holds for all lei. 

For this end, it is enough show that fm lZ n {X) is ^-invariant, for all i G 
{0, . . . , n-1}, and I(W) C fm K n (X). ft is easy to see that I(W) C fm H n (X), so 
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the results follows by showing that Im H n (X) is Si-invariant, for alH G {0, . . . , n- 
1}; let 

c-l 

J2 B k °B k ^ . . . B^Iw^...^ G Im TZ n (X). 

feo r ..jfen_l=0 

For X G V(n,c) one has the following identity 



c-l 



BA Y. B k °B^...Bt- 1 1 Iw 



ko,...,k n -i 



c-l 



ko , . . . , fe n _ i — 
c-l 

£ B^...B?...Bt- 1 1 Iw k0 ,..., kn _ 1 

ko,...,ki,...,k n -i—0 

+ E Y j B^...B^...Bt^Iw k0 _ kn „ 1 . 

k ,...,ki,...,k =O k i = l 

By the symbol " we mean omitting the term bellow it from the expression. It is 
clear that the second factor of the sum, in the lower line of the expression above, 
belongs to Im TZ n (X). To see that also the first factor belongs to Im lZ n (X), notice 
that the characteristic polynomial of Bi is of the form p(x) = x c + a c -ix c ~ l + . . . + 
aix+ao. Hence, by Cayley-Hamilton Theorem, it follows that Bf is given by a linear 
combination of lower powers of Bi, i. e., Bf = — (a c _i-B° _1 + . . . + a\Bi + aoly). 
With this, we conclude that V^ 1 t u _ n B k ° . . . Bf . . . B^- 1 jW k <= 
Im lZ n (X) which, in particular means, that Im lZ n (X) is Bi -invariant. Finally, 
since Ex is the smallest subspace of V with this properties, it then follows that 
Z x QlmTl n (X). 

D 



Next, we introduce the action of the linear group G := GL(V) on B. For all 
g G G and X = (Bq, . . . , B n _i, /) G B, this action is given by 

g- (B ,...,B n _i,I) = (gBog' 1 , . . . , gBn^tg- 1 , gl). 

For a fixed ADHM datum X, we will denote by Gx its stabilizer subgroup: 

G x := {<? G G | <?X = X} C G. 

It is easy to see that X is stable if and only if gX is stable, and that G acts on 
V(n,c). 

We conclude this section with two results relating stability in the sense of Defi- 
nition E2 with GIT stability. 

Proposition 2.6. If X G V(n,c) st , then its stabilizer subgroup Gx is trivial. 

Proof. Let X — (Bq, . . . ,B n -o,I) be a stable ADHM datum and suppose that 
there exists an element g ^ 1 in G such that gl = I and gBig~ x = £>.; for all 
i G {0, . . . , n — 1}. Then ker(g — 1) is Si-invariant, for all i G {0, . . . , n — 1}, and 
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Im I C ker(g — 1). Since X is stable, then kcr(g — 1) C V must be the trivial 
subspacc. Hence g must be the identity. □ 

Let T(V(n, c)) be the ring of regular functions on V(n, c). Fix I > 0, and consider 
the group homomorphism \ '■ G — > C* given by x(<?) = (detg) . This can be 
used for the of construction a suitable linearization of the G— action on V(n, c), 
that is, to lift the action of G on V(n,c) to an action on V(n, c) x C as follows: 
g • (X,z) := (5 • X,x(.9) _1 z) for any ADHM datum X G V(n,c) and z G C. Then 
one can form the scheme 



V(n,c)// x G:-Proj 0r(V(n,c)) c 



where 

r(V(n, cjf^ := {/ G r(V(n, c)) I /( 5 • X) = xls)- 1 • /(*), V.9 G G} . 

The scheme V(n, c)// x G is projective over the ring r(V(n, c)) G and quasi-projective 
over C. 

Proposition 2.7. The orbit G-(X, z) is closed, for z ^ 0, if and only if the ADHM 
datum X G V(n, c) is a stable. 

Proof. First, suppose that the orbit G • (X, z) is not closed, then there is a 
1-parameter subgroup A : C* — > G such that the limit (L, w) := lim t _^o A(£) • (X, z) 
exists but does not belong to the orbit G • (X, z). The existence of the limit (L, to) 
implies that dct(A(£)) = t N for some TV < 0. If N = then A(£) = I v , which 
contradicts the fact that the limit does not belong to the orbit G • (X, z). Thus 
N < 0. Now, take the weight decomposition V = Q) m V(m) of the space V, with 
respect to A. Then the existence of a limit implies that 

B (V{m)), Bi(V(ro)), . . . , B n _i(V(m)) C V(m) and /(VF) C K(m). 

n>m n>0 

The space S := © n>0 V( m ) G V is proper since TV < 0. Moreover, one has 
B (S), Bi(5), . . . , S„_ _ i(,S') C S 1 and I(W) C 5. Hence X is not stable. 

Conversely, suppose that the ADHM datum X = (Bo, B\, . . . ,B„_i, I) is not 
stable. Then there exists a subspace S C V such that B (S), Bi(S), . . . , B n _i(S) C 
S and J(W) C 5". Let T C V be a subspace such that V = S © T. With respect to 
this decomposition, one can write the linear maps Bi, for > i > n — 1 and /, as 
follows 

*<=(; *),for0>*>n-l J=(j 
Now, define the 1-parameter subgroup as 



A(i) = 



L.S 







v t- 1 ! 
then 



A(t)BiA(t) _1 = C * ** ) and A(*)J 



It follows that the limit L = limt_>o A(£) • X exists and lim^o A(i) • (X, z) = (L, 0), 
which means that the orbit is closed within V(n, c) x C* 

□ 
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From Propositions 12.61 and 12 . 71 and since the group G is reductive, it follows that 
the quotient space M(n, c) :— V(n, c)// x G is a good categorical quotient [12, Thru. 
1.10]. Furthermore, GIT tells us that the GIT quotient Ai(n, c) is the space of orbits 
G ■ X C V(n, c) such that the lifted orbit G ■ (X, z) is closed within V(n, c) x C for 
all z^O. We conclude therefore, from Proposition ^. 71 that 

M(n,c)=V{n,c) st /G. 

3. PARAMETRIZATION OF THE HlLBERT SCHEME OF C POINTS IN C™ 

As a set, the Hilbert scheme of c points on C n is given by: 

Hilb [cl (C") = {/<C[z ,...,^-i] | dim c (C[z ,...,^-i]//) = c}. 

The existence of its schematic structure is a special case of the general result of 
Grothendieck [6j . Another explicit construction of the Hilbert scheme of points on 
the affine plane is given by Nakajima [13]. The reader may also consult [13] for 
more general results and examples. 

The aim of this section is to prove the following result 

Theorem 3.1. There exists a set-theoretical bijection between the quotient space 
M{n,c) and the Hilbert scheme of c points in C n . 

We remark that this result will be strengthen, in Section [7] below, to a scheme 
theoretic isomorphism rather than just a bijective correspondence. Before proving 
the above result it will be useful to, first, establish a few lemmata. 

Lemma 3.2. If X = (B 0l . . . ,B n _i,I) e V(n,c) st is a stable ADHM datum, then 
the map: 

<P X : C[Z ,...,Z n ^} — ► V 

p(Z , . > ■ , Z n -i) i — ► p(B ,...,B n -i)I(l) 
is a surjective linear transformation. In particular, C [Zq, . . . ,Z n _-f\ /ker $x * s 
isomorphic to V . 

We Remark that the linear map <&x is well-defined, since [Bi,Bj] = 0, for all 
<i< j <n-l. 

Proof. Observe that Im / C Im $x since the elements of Im / consist of vectors of 
the form al(l), for some constant a in C. The inverse image of such an element is 
simply the constant polynomial a itself. Moreover, the image Im <&x of the map 
$x is -Br mvar iant, for all < i < n — 1, since all the B^s commute. By stability 
of the ADHM datum X we must have Im $^ = V, and hence $x is surjective. 

It is clear that ker$^ C C \Zq, , . . , Z n _-f\ is an ideal. Now, given any two 
polynomials p(Z , . . . , Z n _{) e C [Z , . . . , Z n _x] and q(Z a , . . . , Z n -i) e ker $x, one 
has $x(p(Z , ..., Z B _i) ? (Z , . . . , Z„_i)) = p(B , . . . , B n ^)q(B Q , ..., B n _i)/(1) = 
0. Hence the isomorphism C [Zq, . . . , Z n -i] / ker &x — V. 

a 

Let 7r : V(n,c) st —> A4(n,c) be the natural projection onto the orbit space 
M(n,c) and denote by [X] = [(B , ■ ■ ■ , B n _i,I)] the class of the ADHM datum 
X = (B ,...,B n -i,I) inV(n,c) s! , that is, [X] =n(X). 

Lemma 3.3. Let X,Y e V{n,c) st be two stable ADHM data such that [X] = [Y]. 
Then ker $x ~ ker $y . 
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Proof. Suppose that [X] = [(B ,. . . ,£„-!,/)] = [Y] = [(A ,. . . , A n -i, J)], then 
there exists an element g G GL(V) such that A; = gBig^ 1 , for all < i < n — 1 and 
J = g/. Now, for any polynomial / G C[Zo, . . . , Z n -{\ one has f(Ao, • • ■ , -<4n-i) = 
.g/(B , • • . ,B„-i).g _1 , hence 

/(A,, . . . , A n _i) J(l) = 5 /(5 , • • • , £„-!)£- V(l)) = ff/(B0, • • ■ , Sn-lK(l), 

in other words, <&y = g$x- Since g is invertible, it then follows that ker^^ ~ 
ker $y ■ 

O 

Lemma 3.4. The ADHM datum X = (Bo, . . . , B n _i, /) G V(n, c) is stable if and 
only if the set < Bq° ■ B 1 ^ ■ ■ ■ B % ^Z\BX) &V\ik = 0,...,c— 1? spans V as a complex 
vector space. 

Proof. The result follows from item (2) of Proposition 12.51 and the fact that the set 
{b 1 ° ■ Bl 1 ■ ■ ■ B%SiI{l) e V | i k = 0, . . . , c - l} spans Im K n (X). 

a 

We are finally in position to complete the Proof of Theorem 13.11 

Proof of Theorem \3.1\ We will consider the map 

* : M(n,c) — y Hilb [c] (C") 
[X] i — > ker<f>x 

which associates the ideal ker $x to the class [X] = [(B , . . . , B n _i, /)] of a stable 
ADHM datum X = (B , ■ ■ ■ , B n _ u I) G V(n,c) st . By Lemma [3~3l the map * is 
well-defined and it is clear from lemma 1531 that ker$x belong to Hilb' c '(C"). 
Inversely, we define the map 

*' : Hilb [c] (C rl ) — V M(n,c) 

J i — > [(Bo,. ..,B n _x,I)] 

from Hilb^i to A4(n, c) as the following: 

Given an ideal J G Hilb [c] (C") we denote by V = C [Z , . . . , Z„_i] /J the vector 
space associated to it. The multiplication by Zi mod J define endomorphisms 
Bi G End(l/), for < i < n — 1, in the following way 

(1) B % : V -> V 

One can also define / G Hom(14 A , V) as the linear mapping which associates to 
the unit vector 1 G W the class 1 mod J £ V. Since all B[s commute, then 
(B z ° , . . . , B^Zi , /) G V(n, c). Moreover, the set 

{bj> ■ s} 1 • • • B^i 1 j(i) e v | » fc = o, . . . , c - 1} 

spans V as complex vector space. Therefore, by Lemma [3T4l the ADHM datum X 
is stable. 

To complete the proof, we only have to show that &' o \I> = l»( nc ) and W o v]/' = 
l H .,,[c] , i.e., the maps \P and Vl 7 ' are inverse to each other. 
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Indeed, to each class [X] G A4(n,c), one associates the ideal "J ([A]) = ker$x in 
Hilb^(C"). Moreover, one associates to the later ideal, ker$x, the ADHM datum 
class ^'(ker&x) — [X]. Then one has [X] = [X] if and only if there exists an 
element g G GL(V) such that X = g ■ X. 

Let pr : C[Zq, . . . , Z n _\\ — > C[Zq, . . . , Z n -i\/ker<S>x be the natural projection. 
From Lemma 13.21 it is clear that the diagram 



[Z , . . . ,Z n -i] 

pr 



-*- C[Z ,. . . ,Z„-i] 



V 



C[Z , ..., Z n -x]/ ker $ x 

commutes. Hence pr = g^ 1 o $x, since g is an isomorphism. On the other 
hand, from the Z$ multiplication one has pr o Z t = B t o pr : C[Z , . . . , Z n -i] — > 
[Z , . . . , Z n -i]/ ker $ x and $ x o Z % =B,o$ x : C[Z , . . . , Z n -x] ->■ V. That is, one 
has the following diagram 



C[Z , . . . , Z n _i] 



pr 



C[Zq, . . . , Z n _ 




^C[Z ,...,Z n _ 1 ]/ker$ x 
g 



Zi 



C\Zq, . . . , Z n -i] 



C[Zq, . . . , Z n 




pr 



B, 



^C[Z ,...,Z n ^}/ker^ x 
g 



in which all faces commute. Then, one has goBiog = Bi, for alH = {0, . . . , n— 1}. 
Moreover, g o 7(1) = g(l mod J) = $x(l) = -^(1); i- e., g o I = I. Therefore, 
[X] = [X] G M(n,c), in other words, we have just shown that *&' o \[> = 1m(u,c)- 

\c] 

To prove that f o$ = -*-H'ib [cl ' we oru y need to show that for a given J G Hilb^i, 

one has J = ker$x, where X is a ADHM datum in V(n,c) s such that \&'(J) = 
[A"] G A4 (n, c) . For a polynomial 

p(Zo, . . . , Z n —x) = 2_^ a aZ ° ■ • ■ Z"^_ x G C[Zo, . . . , Z n -i] 

a 

we have 

OL 

where 1(1) is the class 1( mod J) =: [1]. Moreover, since B{ o <&x = &x ° Z% then 



E«« B o D -e^(i) 



y y a a ZQ l 



J n-1 



\P(Z<), ■ ■ • , Zn-l)] 



Thus, if the polynomial p(Zq, . . . , Z n —±) belongs to the ideal J, then 

j2^b^...b:^i(i) = o, 
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and therefore p(Zo, . . . , Z n -\) g ker <&x- 



On the other hand, suppose that p{Z , . . . , Z n ^i) e ker$x- Then 



$ x (p(z , ..., z n _i)) = J2 a *K ■ ■ ■ K-'xHX) = o. 



Again, one has 



^a Q B-...i?:"I 1 /(l) = 



E 7 «o 7 a »-i 



= [p(Z ,...,Z„_i)] 



hence [p(Z , . . . , Z n -\)] = £ C[Z , . . . , Z n _i]/J, that is, p(Z , . . . , Z n -i) e ■/• 
Thus J = ker $x . This finishes our proof. □ 



4. Extended monads and perfect extended monads 

In this section we shall generalize the concept of monads, introduced by Horrocks 
(the reader may consult [15] for definitions and properties) , in order to describe ideal 
sheaves for zero-dimensional subschemes of C" and P™, n > 2. 

Let X be a smooth projective algebraic variety of dimension n over the field of 
complex numbers C, and let Ox (1) be a polarization on it. 



4.1. I— extended monads. The objects we now wish to introduce are defined as 
follows. 

Definition 4.1. An I — extended monad over X is a complex 

(2) C : C- 1 - 1 a ±? C-'^.-.^C-^C ^ C 1 

of locally free sheaves over X which is exact at all but the 0—th position, i.e. 
W{C) = for i ± 0. The coherent sheaf £ := H Q (C) = kera /Im a_i will 
be called a the cohomology of C* . 

Note that a monad on X, in the usual sense, is just a 0-extended monad. 



10 
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Moreover, one can associate to any /— extended monad C* a display of exact 
sequences as the following 



(3) 







c~ l = c~ l 



a_2 ot-i 

e- 1 = c- 1 

O^K ^ C° -^ C 1 ^ 



-^- T ^ Q -+ C 1 *- 

\ 


where K := kerao and Q := cokera_i 

A morphism </> : C° — > C' of two /—extended monads C* and C* is an (/ 
3)— tuple of morphisms such that the following diagram commutes: 



(4) 



c\ 



C 2 : 



ci 



■i-r 



Ci 



-! 



■ Cf 1 — ^ c? — ^ c{ 



c-'-i-z^cr 






C3 



With these definitions, the category of /—extended monads form a full subcate- 
gory of the category Kom (X) of bounded complexes of coherent sheaves on X. 

/—extended monads have already appeared in the literature. The most impor- 
tant example of a locally-free sheaf that can be obtained as the cohomology of 
a 2-extended monad on P 4 is the dual of the Horrocks-Mumford bundle; indeed, 
Ffoystad shows in 3, Introduction: example b.] that the Horrocks-Mumford bun- 
dle is given by the cohomology at degree zero, where the grading is given by the 
twist, of a complex of the form 

0{L(-i) -> oil -> oJ2(i) -> o^(2). 

Dualizing such complex we get a 2-extended monad on P whose cohomology is the 
dual of the Horrocks-Mumford bundle. 

Moreover, object very closely related to 2-extended monads on P 3 have also 
appeared in the mathematical physics literature, see Section 4]. 
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An /—extended monad can be broken into the following two complexes: first, 

( 5 ) jv-j o — c- l - ia ^l c- 1 ...^c- 2 ^c- lJ -ie^o 

which is exact, and a locally free resolution of the sheaf Q — cokera_2, and 

(6) M' : g -^ C° -^ C 1 

where 7_i o J_y = a_i. M* is a monad-like complex in which the coherent sheaf 
Q might not be locally free; indeed, Q is not locally free for the extended monads 
describing ideal sheaves of O-dimensional subschemes, the situation most relevant 
to the present paper. 

For a given /—extended monad, we refer to the complexes M' and N* as the 
associated resolution and the associated monad, respectively. Therefore, the mor- 
phism <fi : C* — > C' can be thought of as a pair of morphisms (<f>N : N* — > N' , 4>m ■ 
Ml -> M£) e Hom(iV 1 # , N%) x Hom(M; , M£) . 

Remark that as long as we have </>o(Im aj~ ) C Im a^ and </>o(kcrao) C kera§ 
then 4> is determined by only </>o; indeed, the conditions 

</>o (Im di ) C Im a^ and </>o(Im Jj~ ) C Im 1% 

are equivalent (here we considered the morphism of the associated monads) . Hence 
<f>o determines the morphism <Pm, and consequently it also determines the whole 
morphism <f) ■ C* — > C° ■ This is because AT* and N° are locally free resolutions and 
hence projective resolutions, so that giving a morphism <J)q : Q —t Q determines all 
the morphisms 0_j : C-f l — > C^ 1 for i < — 1. 

Since taking cohomology is a functorial operation, a morphism : C* —> C' of 
two /—extended monads C* and C* , induces a morphism between their respective 
cohomologies 

H{d>) : W°(CT) -»• H°(C- 2 ). 

Of course, isomorphic complexes induce isomorphic cohomologies. It follows that 
there is natural notion of equivalence for /—extended monads with the same terms 
C % provided by the action of the automorphism group Aut(C°) = Aut(C~ l ~ l ) x 
Aut(C~ l ) x • • • x Aut(C°) x AutiC 1 ). 

Our goal now is to study families of ideal sheaves of zero-cycles in P™. It turns out 
that such ideal sheaves are given by cohomologies of a special kind of /—extended 
monads. However, before proving this claim, which will be done only in Section 
[5] below, we tackle a more general question, namely under which conditions a ho- 
momorphism 'H (C*) — > H (C*) lifts to a homomorphism C* — > C* between the 
corresponding complexes. In particular to determine the automorphisms of such 
objects. 

Our next result provides a sufficient condition, by showing when the cohomology 
functor is full and faithful. 

Proposition 4.2. Let 

CI: C^^lC^ 1 '-I Cf 1 -=* C? -^ C\ and 



/~im . fy—L — 1 ~ J- r^l — n ~* /~v— 1 ^ /^0 

Uo • On >- \Jty ' ' ' ^~ Uo ^~ Uo " 
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be two I -extended monads, and let us denote by T\ and Ti their respective coho- 
mologies. Then 

H : Hom(CT,C 2 *) -* Hom(Ji, T 2 ) 

is surjective if 

Ext 1 (C 1 1 ,C'?) = 0, 

Ext fc (C* 1 °, C^ k ) = for k > 1, Ext fc (C 1 1 , C 2 ~ fc+1 ) = for k > 2. 
Moreover if 

Hom(C 1 1 ,C 2 °) = 0, 

Ext fe (C?, C^ k+l ) = for k > 1, Ext fc (Cl>, C^ fe_1 ) = for al k > 0, 

t/ien i? is an isomorphism. 

Proof. Let (Ji = Im ai.i and Q2 — cokem 2 ^. The associated resolution N' can be 
broken into sequences 

-*• g^ -*■ cp -> £p +1 -► o, i<i<i + i 

where we put G% * = C^ 1 and Q\ — Qi. Then, by applying either Hom(C] ) ,«) or 
Hom(C|,») on the above sequences and incorporating the conditions given in the 
proposition, it follows that H is surjective if 

Ext^Ci, C?) - Ext^C? , Sa) = Ext 2 ^ 1 , &) = 0, 

and it is an isomorphism if 

Hom(Cj, C 2 °) = Hom(C 1 °, &) - Ext^C?, Q 2 ) = 0. 



To finish the proof, it suffice to apply [HI Lemma 4.1.3] to the associated monad 
M* of the ^—extended monad C* ■ □ 

Corollary 4.3. Let 

and 

C" : C- 1 - 1 ±lc~ l '-I C- 1 — i- C° — V C 1 

6e l-extended monads, and let T and T' be their cohomologies, respectively. Suppose 
that 

Ext 1 (C ,1 ,(7 )=0, 

Ext fe (C*°, C~ k ) = for k > 1, Ext fc (C\ C -fc+1 ) = for fc > 2. 

T/ien J 7 and J 7 ' are isomorphic if and only if C and C" are isomorphic (as l- 
extended monads). 
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4.2. Perfect extended monads. We now introduce the class of I— extended mon- 
ads which is relevant to the description of the Hilbert scheme of points. 

Definition 4.4. An I— extended monad C is called pure if C~ % = £_""% for all 
— 1 <z < Z — 1 7 where H-%, are invertible sheaves, and it is called linear if all maps 
a-i are given by matrices of linear forms. 

Before our next definition, recall that Ox(l) is the chosen polarization on the 
n— dimensional projective algebraic variety X. 

Definition 4.5. A perfect extended monad on a n-dimensional projective 
variety X is a linear (n — 2) — extended monad P* on X of the following form 

ai- 



O x (l - n)® ai — — £ O x (2 - n)® a2 ' 



i 2 Ox(-l) ffia - 1 -^- O x ao -^ O x {l)® ai 



We recall to the reader that a projective scheme X is arithmetically Cohen- 
Macaulay, or simply ACM, if its homogeneous coordinate ring is Cohen-Macaulay 
ring. Moreover let us denote by ^3er the full subcategory of Korrr h {X) consisting 
of perfect extended monads. 

Corollary 4.6. If X is an n— dimensional ACM variety, then the cohomology 
functor 

H : qjre(X) -> Coh(X) 
is full and faithfull. 

Proof. This follows easily from Proposition 14.21 since X is ACM, we have that 
Hom(C 1 1 ,C 2 °) = R°(X,Ox{-l)) = and 

Ext 1 {Ox (a), O x (b)) =R l (X,O x {b- a)) = 0, for 1 < i < n - 1. 

□ 

It follows from the Corollary above that automorphism group of a perfect ex- 
tended monad on an ACM variety is just GL ai _ n (C) x GL a _ n (C) x • • • x GL ai (C). 

We finish this section by describing the cohomology of sheaves which arise as 
cohomologies of perfect extended monads on P", n > 2. 

Proposition 4.7. If J- is the cohomology of a perfect extended monad on P" (n > 
2) then: 

(i) H°(J-(fc))=0/orfc<0; 
(ii) H"(J"(fc)) =0fork>-n- I; 
(iii) ff (J"(fc)) = Vfc, 2 < i < n - 1, when n > 3. 
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Proof. We twist the middle column of the display ([3]) by Op™ (k), then break it into 
short exact sequences 

(7) -^- P ~(k + 1 - n) ffia i— -^- O pn (k + 2 - n)®° 2 -» -^ Q 2 -n(k) — »- 
> Q 2 - n (k) >- O p . (k + 3 - n)® oa -" -^- Q 3 -«(fc) -^- 



-p-i(fc) Op»(A; -p)©»-* Q- P (k) 



«-Q_ 2 (*) 


>-Op»(fc l)® 3 - 1 


— Q-i(k)- 


-»-0 


^Q-i(fc) 


^ O pn (fc)® Q0 


^Qo(fc)- 


-—0 




where Qo ■= Q = cokera_i. 

Step. 1: From the long sequences in cohomology of the first row above, we have 
ff(0 P „(fc + 2 - n))®° 2 - -)■ H l (Q 2 _„(fc)) -> H l+1 (0 P ~(k + 1 - n))® ai - -» ••• 
Then, from the vanishing properties of line bundles on P™, it follows that 
(i) H°(Q 2 _„(fc))=0forfc<n-2; 
(ii) H n (Q 2 _ re (fc))=0forfe>-l; 
(iii) H i (Q 2 -n(k)) = Vfe, 1 < i < n - 1. 

Step. 2: Using induction on the remaining rows in (0 it follows that, for p > 2, 

(i) H°(Q p _ n (fc)) = for fc < n - p; 
(ii) H"(Q p _ n (fc)) = for k > -p - 1; 
(iii) ff(Q p _ n (fc)) = VJfe, 1 < i < n - 1. 

Step. 3: From the long exact sequence in cohomology of the lower row in ^ 
twisted by Op™ (k) one has 

rT-^CV^fc + l))® ai -> H*(.F(fc)) -> H*(Q(fc)) -»■ • • • 

Using the vanishing obtained in Step. 2 for Qo = Q, the claims of items (i), (ii), 
(iii) and (iv) follow. 

The last item is obtained by dualizing the lower row of ©. □ 

Now let us denote by CIZ£ the bundle of holomorphic (—£>)— forms on P™, where 
p < in our convention. 

Proposition 4.8. If a coherent sheaf £ on P" (n > 2) satisfies: 

(i) H°(£(-1)) = H"(P", £(-«)) = 0; 
(ii) R q (P n ,£(k)) =0 Vfc, 2<q<n-l when n > 3; 
(iii) H 1 (P n ,£ <8> fi r f (-p - 1)) # for -n<p< 0; 
i/ien £ is the cohomology of a perfect extended monad. 
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Proof. Applying Beilinson's theorem [15l Theorem 3.1.4] to the sheaf £ (— 1), one 
gets a spectral sequence with E\ — term given by 

Ey q = H«(£ ® fi£?(-p - 1)) ® O p . (p) 

which converges to the graded sheaf associated to a filtration of £ (— 1) itself. 



Twist the Euler sequence for the sheaves of differential forms 



p 

by £(k~p) and use hypotheses (i) and (»,) above to conclude, after long but straight- 
forward calculations with the associated long exact sequences of cohomology, that 
E{' q = for q ^ 1. 

It follows immediately that the Beilinson spectral sequence degenerates already 
at the -E^-term, i.e. Ei — E^. Beilinson's theorem then implies that the complex 
E p ' given by 

(8) V n ® Op»(-n) -> ► Vi <8> Op»(-l) -> F «) Op», 

with V^ := H x {£ ® flp P (—p — 1)), — n < p < 0, is exact everywhere except at 
position p = — 1, and its cohomology at this position is precisely £(— 1). 

The third hypothesis implies that none of the vector spaces V p vanishes. So 
twisting the complex ([8|) by 0j»*» (1), we obtain a perfect extended monad whose 
cohomology is exactly £, as desired. 

□ 

5. Ideal sheaves of zero-dimensional subschemes of P" 

We now consider sheaves £ of rank r on P™ fitting in the following short exact 
sequence 

(9) -*■ £ -> 0®T -> Q -4 0, 

where Q is a pure torsion sheaf of length c supported on a 0-dimcnsional subscheme 
Z C P". 

Note that the Chern character of £ is given by ch(£) = r — cH n , and that £ is 
necessarily torsion free. Such sheaves can also be regaded as points in the Quot 
scheme Quot p = c {0®Z). 

In the case r = 1, it is clear that £ is the sheaf of ideals in Opn associated to the 
zero-dimensional subscheme Z, i.e. Q — Oz', in this case, we will then denote £ by 
lz. 

Proposition 5.1. Every sheaf £ on P™ given by sequence ([9]) is the cohomology 
of a perfect extended monad P* with terms of the form P~ l := Vi ® (9p»(i), i — 
1 — n, . . . , 0, 1, where 

(10) V ■- H 1 ^ <g> fiJ^H)) S H°(Q <g> £)£'(-»)). 
Furthermore, we the following isomorphisms: 

(11) Vi^H°(Q) 

f V® n ©C r fori = 

(12) ^~ t/©(i-0 t n 

I F a u ; for i < 
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In particular, we conclude that 

( c i = \ 

dim Vi — I nc + r i = 
I G"> i < 

Proof. Conditions (i) and (ii) in Proposition 14.81 follow easily from twisting se- 
quence ([9]) by Opn (k) and using that fact that Q is supported in dimension zero. 
Next, twist sequence (J9)) by ilp,f(—p — 1) and use Bott's formula to obtain the 
isomorphisms in (jlOp . 

The isomorphisms (fTTj) and (fT2")l can be proved as follows. First, we have for 
i = 1 

V x := H x (£ (-1)) = H°(Q(-i)) = H°(Q) 
since Q is supported in dimension zero. 

The space Vo fits in the sequence 

-*• H°(Q ® Qj„) -> H 1 ^ ® nj„) -»■ H 1 ^)® 7 " -> 

obtained from sequence © twisted by f2p„ . On the other hand, we know from the 
Euler sequence that H (fipn) — H (Op™). Moreover, since 

H°(Q ® Ql„) 2 H°(Q)®" 2 V® n , 

it follows that H 1 ^ <g ftp" 1 ) S 7 X ®" © C. 
Finally, note that 

F_i = H 1 ^ ® njT(-i)) = H°(Q®(")) = vf (l!!i) . 

D 

In particular, for the case r = 1, we have the following Corollary. 

Corollary 5.2. For every zero dimensional subscheme Z C P", there exists a 
perfect extended monad P* of the form 

Vi-„ <g> O f r, (1 - nf^Vi-n ® Op™ (2 - n) ...°-iv 8 Op™ -3- Vi <g> cV (1) 
where V x := H°(0 Z ) and 

J y®"©C forz^O 
^ " \ Vf(^) for i < ' 
whose cohomology is the ideal sheaf Xz- 

6. The P 3 case 

In this section, we fix a hyperplane p C P™. We shall describe how to get linear 
algebraic data out of the perfect extended monad corresponding to a 0— dimensional 
subscheme Z C P 3 \ p, as in Corollary 15.21 

Let us start by fixing notation; we choose homogeneous coordinates [zq-; z\\ zi\ Z3] 
on P 3 in such a way that the hyperplane p is given by the equation Z3 = 0. We also 
regard such coordinates as a basis for the space of global sections H°(P 3 , P 3(1)). 

By Corollarv l5.2[ there is a perfect extended monad P' with cohomology equal 
to the ideal sheaf Xz- It is given by 

(13) Vi ® cv (-2) ^i-V® 3 ® o P ™ (-if ^- (V® 3 eW)8 Op" -^- Vi ® Op™ (1) 
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where a_ 2 € Hom(Vi,Vi e3 ) © H°(P 3 ,O p3 (l)), cn-i € Hom(V 1 ffi3 , T/f 3 © W) ® 
H°(P 3 , Ops(l)) and a 6 HomlV® 3 © W, Vi) <g> H°(P 3 , C P 3(1)). Then we can write 
the a's as: 

a_2 = a°-2 z o + a_ 2 Zl + a -2 z 2 + a 3 _ 2 z 3 ; 
a_i = a^zo + a_ 1 2i + a 2 _ 1 z 2 + a_i23; 
a = (XqZo + ajzi + a 2 ,^ + OCqZ3, 
The conditions a_i o a_ 2 = and ao ° a_i = 0, which guarantee that (|13[) is a 
complex, are equivalent to 

(14) aj_j o alj = Vfe, i and a*_j o a [ _ % + a[_ t o a£ 4 = \/i,k ^l. 

We also have to impose the condition kera_i = Im a_2, since TL^ 1 (P m ) = 0. 
Restricting P* to the plane p ~ P 2 we get the following 1-extended monad on 

(15) vi ® o| p (-2) Q -£'v® 3 <g> o| P (-if^ rJ (vf 3 eW)8 oQ°^ Vi <g> 0|„(1) 
and the maps of this complex are just given by 

0t-2\p = a 2 z + a^^i + a -2 2: 2; 
a_i| p = a° 1 z + aC-i^i + aii^; 
«o|p = a^ + ajzi + a 2 ,;^. 
The resolution and the monad associated to the perfect extended monad P* are 
given by, respectively, 



a -2lg3 rfn3 n /nl , , s J-lljo^, 



(16) o — Vi o| p (-2) -^V® 3 ® e>W-i) -^*i? 



p 



(17) ^/-iW 8 © wo ®o| p ^Vi® 01,(1) . 

Lemma 6.1. TTie sheaf Q\ p is locally free and satisfies 

(i) H°(p, 0| p ) = H x (p, 0| p ) = H 2 (p, 0| p ) = 0; 
(ii) H x (p, S| P ) = H 2 (p, S|;) = 0, and ft°(p, £| p ) = 3c. 

Proof. Taking the restriction of the display of the perfect monad to the plane p 
one has XL = 0\ p , since supp(Z) n p = 0. Moreover, from the lowest row of the 
restricted disaply, namely 

-► 0| p ->■ Q|p ->• Vi <g> 0| p -*• 0, 

it follows that Q| p is a locally free sheaf. Furthermore, from the middle column of 
the restricted display, namely 

o -»• g\ p -»• (i/® 3 © w) © 0| p -> Q| p ->■ o, 

it also follows the sheaf Q\ p is locally free. 

The first item follows from the long exact sequence in cohomology of the as- 
sociated resolution (JTBJ) and the fact that FT(p, 0\ p (k)) = 0, for i = 0,1,2 and 
k = -1,-2. 

For the second item, dualize the exact sequence p^|) and apply the global sections 
functor r to obtain the exact sequence 

(is) o^H (p,g|;)^(K)® 3 ®H (p,o| p (i))->K®H (p,o| p (2))^H 1 (p,g|;)^o. 
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and R 2 (p,g\* p ) = 0, since H 1 ' 2 (p, 0\ p (l)) = H lj2 (p, 0| p (l)) = 0. On the other 
hand, from the dual display of the associated monad (fTT)) one has the exact sequence 

(19) o -»■ q\* p -»■ (v t * © w*) ® o\ p -*• g\* p -»• o 

where Q := cokera_i. Moreover Q|* = F x * <g> 0| p (l) © 0| p since Q\ p € Ext x (Fi ® 
0\ p (l),0\ p ) = V* ®H 1 (p,0| p (-l)) = 0. Then, from the long exact sequence in 
cohomology associated to (fT9]). it follows that H (p, C?|* ) fits in the exact sequence 

(20) o^C^(V 1 *)® 3 eW'->-H o (p,0|;)->O, 

hence h°(p, Q\* p ) = 3c and from ||IgJ it follows that /^(p, 0|*) =0. D 

Remark that the sequence (fT8|) becomes just 

(21) o -* H°( P , g|;j A (^*)® 3 © (^*)® 3 © (i^*)® 3 A (i/;)® 3 © (T/;)® 3 -4- o, 

since H°(p, 0| p (l)) ~ C 3 , and H°(p, 0| p (2)) ~ C 6 . So one can identify H°(p, ^|*) 
with (Vj*)® 3 . Furthermore, by ([101), one can identify V7 = E°(p,lz\ p ) = C, since 

znp = 0. 

Combining sequences (|21[) and (|20p . and dualizing the resulting sequence one 

gets 

(22) -► V^ 3 © V^ 3 A v^® 3 © Vf 3 © Fj® 3 A Vf 3 © VF -4- C -> 0, 

The maps i and j are just H (a_2) and H (cc_i), respectively. Thus we have 
kerH (a_ 2 ) = ker a°_ 2 H ker ai 2 nkerai 2 = {0}, 

and 

kerH°(*a_i) = ker ' a^ n ker 'canker t aL 1 =C. 

The subscript i, in the last equation, stands for transposition. Remark also that 
the sequence (|22p reflects the fact the complex (1131) is exact at degree —1, i.e., 
Q.-i o a_2 = 0. 

We can then choose the maps a 1 _ 1 in the following way. First, 



'.2, al 2 , a^ 2 : V^i -J> Vi © Vi © Vi, 



with: 




(23) a° 2 = I j aL 2 - | ~m 

and where lv x denotes the identity in End(Vi). 
One also has 

a°_ x , al X) a?.! : Vi © V\ © Vi ->■ Vi © V x © Vi 
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given by 

a 

(24) 

Finally, for 

one has 

(25) 



/ 

i Vl o 

Ivi 
\ 





0/ 


cL x 




(■ 


-hi 












\ 




a 2 _ 1 = 










^ 

-Ivi 












Vo 








) 









a° , a , al:Vi®Vi® V x 



Vi 



a° 



( -I Vl 0) 



-I 



Vi 



) 



at = ( 



'^\ 



0) 



Now, to complete our construction, we have to add the maps a_ 2 , a -i an d a o- 
such that conditions (fT4|) are satisfied. By putting 
(26) 

/ B x B 2 \ 



a 3 _ 2 




-Bo 






* 3 =(B B x B 2 I) 



-B 
B 2 —B\ 

\ / 

where B. L G End(Vi) and / G Hom(C, V\), then all the equations are satisfied, since 
a 3 _ 1 o a 3 _ 2 — and a 3 , o al x = are equivalent to 

(27) [£ ,£i]=0; [5 ,B 2 ]=0; [S 1 ,B 2 ]=0, 

Summing up what we have done so far, for a given 0-dimensional subscheme 
Z C P 3 \ p we have constructed a perfect extended monad P* of the form 

(28) Vi ® Op- (-2) ^i-V® 3 <g> CV (-1) Q ^ (V® 3 9W)® Op" -^ Vi ® Opn (1) 

where the maps maps a- 2 , u-\ and ao are given by|j: 
(29) 

I B x z 3 - z\ B 2 z 3 - z 2 ^ 

-B a z 3 + z B 2 z 3 - z 2 

-B z 3 + z -Biz 3 + z\ 

\ / 



a_2 



--B 2 -Z 3 + ^2 

B\z 3 - z\ 
-B z 3 + z 



a~i 



a = ( B Q z 3 - z Biz 3 - z\ B 2 z 3 - z 2 Iz 3 ) . 

It only remains for us to show the the ADHM datum 

{B , B U B 2 ,I) e End(l/i)® 3 © Hom(C, Vi) 

obtained from the above construction is indeed stable. Such claim will follow from 
the following observation. 



We omit writing the identity in front of the coordinates so Zily 1 will just be written Zi 
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Lemma 6.2. The map ao given above is surjective if and only if the ADHM datum 
(Bo, Bi, B2, 1) is stable. 

Proof. Recall that a map of sheaves is surjective if and only if it is surjective at 
every fiber. 

So if ao is not surjective, then there is a point z — [zq\ Z\\ z 2 \ -23] € P 3 such that 
cto(z) is not surjective, while its dual map ccq is not injective. Hence there exists 
a vector v £ V* such that (B*z^ — Zi)v = 0, where i = 0, 1, 2, and I*v = 0. Then 
the subspace S CV* generated by all such vectors is B* — invariant, for i = 0, 1, 2, 
while the restriction I*\§ of I* to S is zero. 

Now, consider the following subspace of V: 

S = {v G V\v(v) = 0, VveS}. 

It follows that S is Bi— invariant, for i = 0,1,2, since B*v(v) — v(Biv) = for 
v G S and v G S. Moreover 1(1) G S since I*\ s = 0. Thus (B ,Bi,B 2 ,I) is not 
stable. 

Conversely, suppose that (Bo,Bi,B2,I) is not stable. Then there exists a 
Si— invariant subspace S C V, for i = 0, 1, 2, such that Im I C S. Set 

5 = {wGy*|w(w) =0, Vwg5}. 

Then S is S*— invariant and 5 C ker/*. Since the i?i's commutes, there exists a 
vector v £ V* such that B*i> = XiV for some A^ G C, for i = 0, 1, 2. Hence the map 
0!q(Ao; Ai; A2; 1) is not injective, and equivalently, «o is not surjective. □ 



Theorem 6.3 (Inverse construction). To a stable ADHM datum 
X = (Bq. B\, B2, 1) G V(3,c) s * one can associate the perfect extended monad J28[) 
with maps a_2)Q;_i,Q;o given as in (|29p . ,smc/i t/iat its cohomology is an ideal sheaf 
whose restriction to C 3 = P 3 \p is isomorphic to the one given by Theoren \3.1\ 

Proof. Given the stable ADHM datum (Bq,Bi,B2,I), one can put together the 
maps a_2, a_i and ao and a perfect extended monad like ([2"8)) . Restricting the 
obtained perfect monad to C 3 one has the complex 

c c ® o c3 e 

(30) — s- c c ® o C 3 ^~c c ® o C 3^- e ^- c c ® o C 3 — ^ . 

® C c ® C C 3 

C C ® C C 3 © 

Moreover, by projecting on the fourth summand in the degree term, one has the 
injection kerao/Im a_i ^-> Oc 3 - We denote its image by J . Then, it is clear that 
J is an ideal of c points in C 3 . 

To prove that J is isomorphic to ker$^ = {/ G Oc 3 | f(Bo,Bi,B 2 ) = 0}, let 
us suppose, first, that / G J . Then, there exists three vectors uq(z),ui(z),U2(z) G 
V<£>Oc3 such that f(z)I(l) = (Bo—zo)uo(z) + (Bi—zi)ui(z) + (B2 — Z2)u2(z), since 
/ represents an element in kerao- Hence f(Bo,Bi,B2)I(l) = 0. But (Bq,Bi,B2,I) 
is stable and B^B^B^ 2 span all V, for l ,h,l 2 > 0. Thus f(B ,B l ,B 2 ) = 0, i.e., 
/G ker$ x - 
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On the other hand, let / € Ocs such that f(Bo,Bi,B 2 ). One has (unless other- 
wise specified, all sums are taken with respect to the indices la, h, h > 0): 

f(ZQ, Zl, Z 2 )l V = ^2 a lalil2 Z z l z 2 l V 



= e a w* ( z ° - b ° + B °y° ( zi - Bi + Bi ) h ( z2 - b 2+ b 



2> h 



E°wifa E^( z « - B °y B o~ % ■ { l>=o(*i - Bi) j B i r j 

U=0 J [ j=0 

•jf>(z 2 -B 2 ) fe Br 



where we used the expansion (a + 6)" = X)"=o a i al b n X , on = (™) in the third line. 
Expanding again 

i q ~\ (i q i 

]T Oi(af, - B q yB l q ^ \ = B\ + (*, - B,)'« + \ ]T "<(*» ~ B « W~ 

with g = 0, 1, 2, thus one obtains 

2 

/(z ,zi,z 2 )Iy - Y, ai ohh B^B^B^ + £>? - S ?K(z) 

g=0 
2 

= /(B , Br, B 2 ) + Y(z« - B q )A q {z) 

for some vectors A q g End(F) ® C 3, g = 0,1,2. But f(B ,Bi,B 2 ) = by 
hypothesis. If we put w 9 = A g /(1), g = 0, 1, 2, then 

f(z , zi, z 2 )I(l) = (z - B a )uo(z) + (zi - Bi)ui(z) + (z 2 - B 2 )u 2 {z). 

Hence, f <= J. □ 

The automorphisms of P* are clearly given by the action of the group GL(Vi). 
Since, by Corollary |4.61 the cohomology functor is fully faithfull, we recover the cor- 
respondence, given in Section[2] between equivalence classes of ideal sheaves Xz and 
the space M(3, c) defined as the quotient V(3, c) st /GL(Vi), in the 3— dimensional 
case. 



We complete this section by writing down the maps ao and a_i in the more gen- 
eral n— dimensional case. Starting with a hyperplane p C P n and a 0-dimensional 
subschemc Z C P" \ p, the maps a^i in the corresponding perfect extended monad 
can also be constructed as done above for the 3— dimensional case: 

Q'o = ( B z n - z Biz n - zi ■■■ B„_iz„ - z„_i Izn ) . 

( 31 ) _ ( A Ai ■■■ A n _ 2 

" l ' ! ••• 
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where each block Ai, < i < n — 2 is an [(n — i) ■ c x n ■ c]— matrix of the form 



/ 



A = 





Bj+lZn — Zi+1 Bi+2Z n — Zi+2 Bi+3Z n — Zi+3 



J^iZn i Z% 











J3iZ<n ~\~ Z% 











-DiZji ~\~ Z% 












V 















\ 





J~>n—±Z n Z n — i 









-DiZn ~\~ Zi 



) 



One can similarly show that ao o a_i = <^> [B~i, Bj] = 0, for all < i, j < n— 1. 
and that the map ao is surjective if and only if the ADHM datum (Bo, . . . , B n _i, /) 
is stable. 

Once again, this reflects the set theoretic bijection between the Hilbert scheme 
of length c zero-dimensional subschemes of C™ ~ P™ \ p and the quotient space 
M(n,c) := V{n,c) st /GL(Vi). 

7. Representability of the Hilbert functor of points 

Let us start this Section by introducing notation; for every two sheaves, T on 
P™ and g on a scheme S, we put T El Q := p* T <g) q*Q, where p : P" x S — > P" 
is the projection on the first factor and q is the projection F n x S — > S on the 
second one. We also denote by k(s) the residue field of a closed point s <G S. 

Using the ingredients developed in the previous sections, we now proceed to 
prove that M.(n, c) represents the Hilbert functor 

ftilb£i : Gch ->• &et 

from the category of schemes &ch to the category of sets Set, which associates to 
every scheme S the set 

Z is a closed subschemc, 

Z H C n xS 
7r J, 4. g with 7r flat, and 

S 1 ~ S 

x(C , 7 r-i( s )®C ) C"M)-c , VmeZ. 

of flat families of 0-dimcnsional subschemes of C™. 

For any noetherian scheme S of finite type over the field of complex numbers C, 
consider the following diagram: 



mib^Us) 



ZcC"xS 



m x P" x S- 
P" x S 



xS 



-S 



and the relative Eulcr sequence: 



0(ra+l) 



— > Op» xS (-l) — »• op"s — »• TP"(-1) IS O s 
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where TP n (— 1) is tangent bundle. One has the following: 

Theorem 7.1 (Relative Beilinson's Theorem.). For every coherent sheaf T on 
P™ x S there is a spectral sequence Ey J with Ei-term 

£j j = Op»(i) H n?q*{F® ttg xS/s (-i)) 

which converges to 

£■' 



?i,j ) ? i + J = ° 



otherwise. 

Let J be an S'-flat family of ideal sheaves of O-dimensional subschemes of P™ of 
length c , for a noetherian scheme S of finite type. 

Theorem 7.2. There exists an I- extended monad given by 

(32) > O f n®ft 1 q4J ®nkn xS/s ) ^ O r n(l)Mft 1 q* 1 (J ® P *0 ¥ n(-l)) 

such that it's cohomology is exactly the family J . 

Proof. By the relative Beilinson theorem, we only need the S-flatness of J and the 
fact that at point s € S one has 

n x q*{j ® n~: xS/s (i - %)) ® k(s) ~ n\v n ,i z(s) ® 0^(1 - i)), 

where Z(s) is the O-dimensional subscheme of P™ corresponting to the point s G S. 
The rest of the proof follows from the vanishing properties of Lemma 1 5. 11 □ 



Therefore, on every point s G S, one has a perfect extended monad P'(s) given 

by 

U 1 {l z(s) ®n™ n {n-l))®Ov~{l-n)^YL l {l z{s) ®^- 1 {n-2))®O v ™{2-n)^--- 

► H 1 (X z(s) <g> ft P „) ® Op»(-1) -► H 1 (I z(s) gi Op»(-1)) <8> Orn(l) 

Moreover, in the case of the space V(n, c) s * defined by one have the universal 
extended monad 

Op»(l - n) IS (Vf ® Ovm-) -»• Op- (2 - n) H (vf^"" 1 ) ® O v(n>c) , t ) -»■■■. 

(33) ► Op, IS ((Vf" © WO ® Ov(n,c)") -> OP" (1) B (V X (8 Ov(n,c)«0 

Finally we have the following 

Theorem 7.3. TTie scheme Ai(n, c) is a /me moduli space for the Hilbert functor 
"Hilb^i of c points on C" . 

Proof. The proof is similar, mutatis mutandis, to that of Theorem 4.2]. □ 

It follows by universality of the Hilbert scheme that 

Corollary 7.4. Hiib' c '(C™) ~ M(n,c) as schemes. 
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8. The Hilbert-Chow map 

Let S c denote the group of permutations on c elements, and consider the sym- 
metric product of c copies of C": 

5 (c) C™ := (C™ x C" x ... x C n )/S c . 

In this section, we show how one can describe the Hilbert-Chow morphism 

HC :Hilb [c] (C")^S (c) C n 

in terms of the linear data [(B ,Bi, • • • , B n _i, /)]. 

Recall that a partition v — (v\, V2 1 ■ ■ ■ , Vk), with v\ > V2 > . . . > v^ > 0, of c of 
length fc, gives a stratum 

fc 

Z l C) = IE ^ W G ^ (,l) C" IK # ft for J ± 3} 

4=1 

of the symmetric product S^ c 'C n corresponding to fc ordered points pi,p2, • • • ,Pki 
in C" with multiplicities v\ 1 V2, ■ ■ ■ ,vu, respectively. There is a set theoretic strati- 
fication 

Hilb [c] (C")^|J[/i, cl , 
i/ 

where each stratum Ul°' is given by the inverse imge HC~ 1 {Zv). 

Now let [(Bq,Bi,- ■ • ,I? n _i,J)] be a datum class in Hilb' c '(C n ); the endomor- 
phisms Bi, i — {0, 1, . . . ,n — 1} can be put simultaneously into Jordan forms, since 
the -B 4 's commutes two by two. 

Suppose there are fc eigenvalues X\, A|, • • • , X% of each endomorphism B^, that is, 
for a fixed i g {0, 1, • • • ,n — 1}, each X\, I G {1, 2, • • • , fc} corresponds to a Jordan 
block. Then, to every Jordan block one can associate its dimension v\ , which does 
not depend on i by the commuting property of the B^s. 

The Hilbert-Chow map can be represented by: 

HC : Hilb^I > S^C n 

[(b 0) Si,---,s„_i,/)]i — -Ef^N- 

where {pi = (A^A^,--- , A"~ 1 )}^ = i ! ... : fc is a set of point in C™, and indeed, 
Ez v i[pi\ is the topological support of the zero dimensional subscheme correspond- 
ing to the datum [Z] . 

Of course, when all the eigenvalues are distinct, the endomorphisms Bi are all, 
simultanusely diagonalizable and the multiplicity v\ = 1, for all I = 1, • • • , c. Hence 
X^b<] is a point in the smooth stratum S^C n \A, where A C S^C" is the big 
diagonal. 

9. Irreducible components of the Hilbert scheme of points 

The variety C{n,c) of n commuting c x c matrices have been much studied by 
various authors since a 1961 paper by Gerstenhaber [5]. The results concerning the 
irreducibility of C(n,c) can be sumarized as follows: 

• C(2, c) is irreducible for every c (originally proved by Motzkin and Taussky 
[TT] . see also [5]); 
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• C(3,c) is irreducible for c < 10 and reducible for c > 30, see [16] and the 
references therein; 

• for n > 4, C(n, c) is irreducible if and only if c < 3 [5]. 

In particular, determining the highest possible value of c for which C(3,c) is 
irreducible is an important open problem. 

On the other hand, much less is known about the irreducibiity of the Hilbert 
scheme HihV c '(C n ) of c points on C™, see for instance |TJ Section 7] and the ref- 
erences therein. It is well known that Hilb' c '(C 2 ) is irreducible for every c [1] and 
that, for n > 3, Hilb' c '(C") is reducible for c sufficiently large [9]; in particular, 
Iarrobino has shown that Hilb' '(C 3 ) is reducible [10] . Similarly, determining the 
highest possible value of c for which Hilb' c ^(C 3 ) is irreducible is also an important 
open question. 

In this section, we connect the two problems through the following result. 

Proposition 9.1. The number of irreducible components o/Hilb' c '(C n ) coincides 
with the number of irreducible components ofC(n,c). 

Proof. Clearly, the number of irreducible components of C(n,c) is the same as 
the number of irreducible components of V(n,c) := C(n,c) x Hom(W, V). Let 
Vi(n, c), . . . , V p (n, c) denote the irreducible components of V(n, c), and set 
Vi(n, c) st := Vi(n,c) n V(n, c) st , with I = 1, ...,p. Since for every (B 0l ■ ■ ■ ,-B n -i) G 
C(n, c) there is I € Hom(W, V) such that (B , . . . , B n _i, /) is stable, it follows that 
Vi(n, c) st 7^ for each I = 1, . . . ,p. 

Moreover, since the group G := GL(V) is irreducible, it is easy to see that if x G 
Vi(n, c) st then its orbit G-x C Vj(n, c) st . Note also that V t (n, c)// x G = V/(n, c) st /G 
is irreducible, for each I = 1, . . . ,p. 

Since the GIT quotient A4(n,c) coincides, by Proposition 12. 7\ with the set of 
stable G-orbits, we have that 

M(n, c) = (Vi(n, c) st /G) U • • • U (V p (n, c) st /G) 

and the desired conclusion follows from Corollary 17.41 □ 

As an immediate consequence of the results on the irreducibility of the variety of 
commuting matrices mentioned above, we obtain the following new facts regarding 
the irreducibility of Hilb [cI (C"). 

Corollary 9.2. 

(i) Hilb' c '(C 3 ) is irreducible for c < 10 and reducible for c > 30; 
(ii) for n > 4, Hilb' c '(C n ) is irreducible if and only if c < 3. 



References 

[1] D. Cartwright, D. Erman, M. Velasco, B. Viray, Hilbert schemes of 8 points. Algebra Number 

Theory 3 (2009), 763-795. 
[2] M. Cirafici, A. Sinkivics, R. Szabo, Cohomological gauge theory, quiver matrix models and 

Donaldson- Thomas theory, Nucl. Phy. B 809, (2009) 452-518. 
[3] G. Fl0ystad, Monads on projective spaces, Comm. Algebra 28 (2000), 5503-5516. 
[4] J. Fogarty, Algebraic families on an algebraic surface. Amer. J. Math. 90 (1968), 511-521. 
[5] M. Gerstenhaber, On dominance and varieties of commuting matrices, Ann. Math. 73 (1961), 

324-348. 



26 P. BORGES DOS SANTOS, ABDELMOUBINE A. HENNI, AND MARCOS JARDIM 



[6. 

[7; 
[»: 

[9 

[10. 

[11 

[12. 

[is: 
[i4: 
[is: 

[16 



Grothcndicck, A.: Techniques de construction et theoreme d'existence en geometrie 
algebrique IV: Les schemas de Hilbert. Seminaire Bourbaki, 221, 1960/1961. 
A. A. Henni, M. Jardim, R. V. Martins, ADHM construction of Perverse Instanton sheaves. 
Preprint arXiv: 1201.5657. 

J. Holbrook, M. Omladic, Approximating commuting operators, Linear Algebra Appl. 327 
(2001) 131-149. 

A. Iarrobino, Reducibility of the family of 0-dimcnsional schemes on a variety. Inventioncs 
Math. 15 (1972), 72-77. 

A. Iarrobino, Compressed algebras and components of the punctual Hilbert scheme. In: Al- 
gebraic Geometry, Sitges, 1983, volume 1124 of Lecture Notes in Math., pages 146—185. 
Springer- Vcrlag, 1985. 

T. Motzkin, O. Taussky-Todd, Pairs of matrices with property L, II, Transactions of the AMS 
80 (1955), 387-401. 

D. Mumford, Geometric invariant theory. Ergcbnisse der Mathcmatik und ihrcr Grcnzgebiete, 
Neue Folge, Band 34 Springer- Verlag, Berlin-New York 1965. 

H. Nakajima, Lectures on Hilbert schemes of points on surfaces. Providence: American Math- 
ematical Society, 1999. 

N. Nitsure, Construction of Hilbert and Quot schemes. Fundamental algebraic geometry, 
105-137, Math. Surveys Monogr., 123, Amcr. Math. Soc, Providence, RI, 2005. 
C. Okonek, M. Schneider, H. Spindler, Vector bundles on complex projective spaces. Progress 
in mathematics 3, Birkhauser, Boston, 1980. 
K. Sivic, On varieties of commuting matrices III, Linear Algebra Appl. 437 (2012), 393-460. 



FACIP - UFU, Departamento de Matematica, Rua 20, 1600, Tup 38304-402 Ituiutaba- 
MG, Brazil 

E-mail address: patriciabs@pontal.ufu.br 

IMECC - UNICAMP, Departamento de Matematica. Rua Sergio Buarque de Holanda, 
651, Cidade Universitaria, 13083-859 Campinas-SP, Brazil 
E-mail address: heruiiOime.unicamp.br 

IMECC - UNICAMP, Departamento de Matematica, Rua Sergio Buarque de Holanda, 
651, Cidade Universitaria, 13083-859 Campinas-SP, Brazil 
E-mail address: jardimSime.unicarnp.br 



